Exact /(7?)-cosmological model coming from the 
request of the existence of a Noether symmetry. 
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Abstract. We present an /(/?)-cosmological model with an exact analytic solution, coming from 
the request of the existence of a Noether symmetry, which is able to describe a dust-dominated 
decelerated phase before the current accelerated phase of the universe. 
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In order to explain the large scale structure and the current acceleration of our Uni- 
verse in the framework of General Relativity (GR), it is necessary to consider huge 
amounts of "dark matter" and "dark energy", having both an unknown nature. Since, the 
validity of General Relativity on large astrophysical and cosmological scales has never 
been tested but only assumed [1]. It is therefore conceivable that both cosmic speed up 
and missing matter are nothing else but signals of a breakdown of this theory. 

Extended theories of gravity could match the data under the economic requirement 
that no exotic components have to be added, unless these are going to be found by 
means of fundamental experiments [2] . The minimal choice should take into account a 
generic function f{R) of the Ricci scalar R in the Lagrangian. Of course, a consistent 
theory of gravity must reproduce the low energy limit where GR has been tested. 

In this participation, we want to summarize the results presented in [13] where a general 
exact solution has been shwon. This solution is obtained by means of the so called 
"Noether Symmetry Approach"[4] and matches the two main important requirements 
that a cosmological solution should achieve to agree with data: a transient Friedmann 
dust-like phase, needed for structure formation, and an asymptotic accelerated behavior. 

The general action of /(i?) -theories can be expressed as follows 



where f{R) is a generic function of the Ricci scalar R and is the action for a perfect 
fluid minimally coupled with gravity. In the metric formalism this action leads to 4th 
order differential equations and GR is recovered in the particular case f{R) = —R / 1 67rG. 

In a Friedman-Robertson-Walker (FRW) space, we can consider the configuration 
space ^ = {a,R} and the related tangent bundle = {a,d,R,R} on which the 
canonical Lagrangian ^ = ^(a,d,i?,i?) can be defined. The variables of this space 
are the scale factor a{t) and the Ricci scalar R{t) in the FRW metric. Since the Ricci 
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scalar is not independent of the scale factor, one can use the method of the Lagrange 
multiplier to set R{t) as a constraint of the dynamic. Therefore, we have 



^^27t^ J dta^i^f{R)-X R + 6(^^ + ^ + ^^ |. (2) 

The variation of the action with respect to R gives the value of the Lagrange multiplier, 
X= Ir, where a subscript R denotes differentiation with respect to R. Taking into account 
this value in the action and integrating by parts we can obtain the point-like Lagrangian, 
which is a canonical function of two coupled fields, R and a, both depending on time. 
This is 

^ = a\f - fRR)+6a^ fmRci + efRad^ -6kfRa. (3) 
The total energy E^, corresponding to the {0, 0}-Einstein equation, is 

= efRRO^ dk + 6fRad^ -a\f- /rR) + 6k /ru = D. (4) 

where D represents the standard amount of dust fluid as, for example, measured today. 

In order to find a solution for the equations of motion we ask for the existence of a 
Noether symmetry, which in general can be written in this form 

where a and j8 are functions of the scale factor and of the Ricci scalar such that the Lie 
derivative of the Lagrangian is zero, i.e. =Sf is conserved and Z is a Noether symmetry. 
One possible solution for this constraint is 

a=\/a ; P = -2R/a^ ; f{R) = -\R\^/^; (6) 

where the absolute value is needed because the convention with the Ricci scalar less than 
zero is used. 

Since for this f{R) there is a Noether symmetry, we have an additional constant of the 
motion, and it must exist a change of variables {a,R} —>■ {u, v}, such that one of the new 
variables is cyclic. One possible change is 

u = a^\R\ ■ v = a^/2. (7) 

With the new variables u and v it is easy to solve the equations of motion. Coming back 
to a{t) and setting, for the sake of simplicity, a(0) = 0, we have 



a = ^/ a^t^ + a-it^ + a2t^ + a\t^ (8) 

with 

«4 = TTT as = ci2 = ^—k ci\ = -—=- 2k— -\-——. 
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FIGURE 1. Scale factor versus time in standard model (dashed) and our model (continuous). 



and Eo, Ei and D are integration constants of the equations. It can be noted that this 
solution behaves as a for large t, and as a ^1/2^ for small t. Therefore, this 
solution could pass through a period during the solution approximates reasonably well 
a Friedmann dust-transient like fl/ °« t^^^ ■ In order to see if this transient phase is long 
enough to allow the structure formation, we must choose some consistent values for the 
integration constants. First we fix, without lost of generality, time unities so that the 
current time tQ = I. This only affect to the result in the value of the Hubble parameter, 
since the dimensionless quantity HqIq must have a value close to 0.93. For simplicity, 
we take Hq = I. We can set a(0) = 1, also without lost of generality, and a reasonable 
deceleration parameter qo = —0.4. These considerations yield a model depending only 
on one parameter. Taking 6(4 = 0. 106, the scale factor is 

a = y^[2 + 0.53(?-l)3+? + 2?2]. (9) 

If we compare the evolution of our model with the Friedmann-matter model, we obtain 
a very good coincidence. Fig. \\\ In fact the difference is close to 3% in the red-shift 
interval 2 < z < 4, enough for a phase dominated by galaxies. 

Now we consider the distance modulus given by the SNIa and we compare our 
solution with the standard ACDM model, as it fits data very well. Taking as reference the 
standard ACDM with a current matter density parameter Q.m,o — 0.27, we see that the 
coincidence is so good that it is difficult to distinguish between the two models. Fig. |2l 

It is interesting to pay attention to the current matter content in our model. The 
dimensionless parameter Q.in.o must be calculated in a modify gravity theory taking into 
account Gg/f = 1/ (2/^), which implies Q.m.o — 0.042. We can see that the value for the 
current matter density parameter is very close to the expected for the baryonic matter in 
the Universe. If we consider an observer living in a universe described by this model, 
who is unaware of the fact that the dynamic of his universe is described by this /(^)- 
theory, he would calculate the matter density parameter using Gn (and not with Ggff). 
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FIGURE 2. Comparison of the distance modulus 5. Of our model (continous) and ACDMT (dashed). 

He would obtain Q/^ q ~ 0.29, which is the value expected for all the matter content in 
the Universe, included the dark matter. Therefore, in this model, it seems that taking into 
account dark matter could be nothing else but an assumption due to the ignorance of the 
physical theory behind the cosmological model. 

In summary, the Noether symmetry approach allows us to obtain an analytic gen- 
eral solution dH]), which interpolates between the qualitative behaviour of a Friedmann 
radiation-like universe, at small t, and accelerated expansion, at large t. Therefore, this 
solution could pass through a period during the solution approximates reasonably well 
a Friedmann dust-transient phase. A first attempt in the selection of the values of the 
parameters allows us to fulfill some observational prescription. FinalUy, we would like 
to point out that a more accurate study and selection of the parameters is required. 
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